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ON HIGHLY-REGULAR GRAPHS
TAICHI KOUSAKA
Abstract. Highly-regular graphs can be regarded as a combinatorial general-
ization of distance-regular graphs. From this standpoint, we study combinatorial
aspects of highly-regular graphs. As a result, we give the following three main
results in this paper. Firstly, we give a characterization of a distance-regular
graph by using the index and diameter of a highly-regular graph. Secondly, we
give two constructions of highly-regular graphs. Finally, we generalize well-known
properties of the intersection numbers of a distance-regular graph.
1. Introduction
All graphs which we consider in this paper are finite undirected graphs without
loops and multiple edges. For a graph Γ, we denote the vertex set of Γ by V (Γ),
the edge set of Γ by E(Γ). For a connected graph Γ and two vertices u, v ∈ V (Γ),
let d(u, v) be the distance of u and v, that is, the length of the shortest path from
u to v, and diam(Γ) be the diameter of a graph Γ, that is, the maximum length
of d(u, v), u, v ∈ V (Γ). If Γ is not connected, the diameter of Γ is defined as
infinity. For a vertex u and an integer i ∈ {0, . . . , diam(Γ)}, let Di(u) or Di,Γ(u)
be a set of all vertices which are at distance i from u. Let V (Γ) = {v1, . . . , vn}
a labeling of V (Γ) and A be the adjacency matrix of a graph Γ with spectrum
sp(Γ) = {λm(λ0)0 , . . . , λm(λd)d }, where λ0 > · · · > λd, and the superscripts m(λi) stand
for the multiplicities. Let Ei, i = 0, . . . , d be the minimal idempotents representing
the orthogonal projections on the eigenspaces associated with λi. The above notation
is used throughout this paper.
Classically, many special regular graphs have been widely studied. An important
class of regular graphs is the class of strongly-regular graphs. Here, a connected
graph Γ is strongly-regular with parameters (k, α, β) if it is k-regular, for any u, v ∈
V (Γ) with {u, v} ∈ E(Γ), |D1(u) ∩ D1(v)| = α and for any u, v ∈ V (Γ) with
{u, v} /∈ E(Γ), |D1(u) ∩ D1(v)| = β. The class of strongly-regular graphs is much
smaller than the class of regular graphs. There is a wider class which is contained
in the class of regular graphs and contains the class of strongly-regular graphs. It is
the class of highly-regular graphs. Here, a graph Γ of order n is highly-regular with
collapsed adjacency matrix (CAM, for short) C = [ci,j]1≤i,j≤m (2 ≤ m < n) if for
every vertex u ∈ V (Γ) there is a partition of V (Γ) into V1(u) = {u}, V2(u), . . . , Vm(u)
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2 T. KOUSAKA
such that each vertex y ∈ Vj(u) is adjacent to ci,j vertices in Vi(u). In this paper, we
allow m = n only if n = 2. Namely, we regard the 1-regular graph as a highly-regular
graph. The class of highly-regular graphs was introduced as an interesting class of
regular graphs by B. Bolloba´s (cf. [7]). Highly-regular graphs are a combinatorial
generalization of strongly-regular graphs (cf. [6]). From this standpoint, strongly-
regular graphs are characterized by index of highly-regular graphs (cf. [1]). Here,
the index of a highly-regular graph is the least positive integer of the size of CAMs.
The index is an important invariant of highly-regular graphs.
In addition to the above two classes, there are other classically well-known classes
of regular graphs. One of these classes is the class of distance-transitive graphs. Here,
a connected graph Γ is distance-transitive if for every four vertices u, v, x, y ∈ V (Γ)
with d(u, v) = d(x, y), there exists an automorphism σ of Γ such that σ(x) = u
and σ(y) = v (cf. [8]). One of the important and remarkable properties of distance-
transitive graphs is that there are only finitely many distance-transitive graphs of
fixed valency greater than 2 (cf. [9], [10]). There are many important properties
of distance-transitive graphs which are related to the other mathematical theory
such as algebraic combinatorics. N. Biggs introduced distance-regular graphs as
a combinatorial generalization of distance-transitive graphs by observing that sev-
eral combinatorial properties of distance-transitive graphs also hold in the class of
distance-regular graphs. Here, a connected graph Γ is distance-regular if the in-
tegers |D1(v) ∩ Di−1(u)|, |D1(v) ∩ Di(u)|, and |D1(v) ∩ Di+1(u)| depend only on
i = d(u, v) ∈ {1, . . . , diam(Γ)} (cf. [8]). In 1984, E. Bannai and T. Ito conjectured
that there are only finitely many distance-regular graphs of fixed valency greater
than 2 (cf. [4]). In 2015, S. Bang, A. Dubickas, J. H. Koolen and V. Moulton proved
this conjecture conclusively (cf. [3]).
So far, we introduced four classes of regular graphs, that is, strongly-regular
graphs, highly-regular graphs, distance-transitive graphs and distance-regular graphs.
As we mentioned above, highly-regular graphs and distance-regular graphs were in-
troduced in different contexts. However, there is a naturally connection. Distance-
regular graphs are highly-regular graphs, that is, highly-regular graphs can be
regarded as a combinatorial generalization of distance-regular graphs. From this
standpoint, we study combinatorial aspects of highly-regular graphs. As a result,
we give the following three main results in this paper.
Firstly, distance-regular graphs are characterized by index and diameter of highly-
regular graphs.
Theorem 1.1. A connected highly-regular graph Γ has the index diam(Γ) + 1 if and
only if it is a distance-regular graph.
Secondly, we give a construction of connected highly-regular graphs with diameter
2 which are not distance-regular graphs. Moreover, we also give a construction of
highly-regular graphs which do not always have diameter 2 by using a symmetric
association scheme.
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Theorem 1.2. For a highly-regular graph Γ with 3 ≤ diam(Γ) <∞, the complement
of the graph is a highly-regular graph with diam(Γ) = 2 which is not a distance-
regular graph. Moreover, Let X = (X, {Ri}di=0) be a symmetric association scheme
of class d. Then, for each l ∈ {1, . . . , d}, the graph ΓRl = (X,ERl) is a highly-regular
graph, where ERl = {{x, y} | (x, y) ∈ Rl}.
Poulos showed that finite upper half plane graphs are highly-regular graphs (cf. [2],
[15]). The construction of highly-regular graphs by using a symmetric association
scheme in Theorem 1.2 is a generalization of Poulos’s result.
Finally, we give a generalization of well-known properties of the intersection num-
bers of distance-regular graphs.
Theorem 1.3. Let Γ be a connected highly-regular graph with CAM C = [ci,j]1≤i,j≤m
and valency k. Here, let a labeling of C be a labeling with respect to distance. For
each i ∈ {0, 1, . . . , diam(Γ)}, there exists a nonempty subset Si of I = {1, . . . ,m}
such that Di(u) =
⊔
t∈Si Vt(u), u ∈ V . For each i ∈ {1, . . . , diam(Γ)}, let the integers
bmaxi−1 , c
max
i , and c
min
i be the following:
• bmaxi−1 = max{
∑
t∈Si ct,l | l ∈ Si−1}.• cmaxi = max{
∑
t∈Si−1 ct,l | l ∈ Si}.
• cmini = min{
∑
t∈Si−1 ct,l | l ∈ Si}.
Then, the following inequalities hold:
(1) k = bmax0 ≥ bmax1 ≥ · · · ≥ bmaxdiam(Γ)−1 ≥ 1.
(2) 1 = cmin1 ≤ cmin2 ≤ · · · ≤ cmindiam(Γ) ≤ k.
Moreover, we suppose that Γ satisfies the following property: (?) For any u ∈ V (Γ),
i ∈ {0, 1, . . . , diam(Γ) − 1}, x ∈ Di(u), the set D1(x) ∩ Di+1(u) is nonempty set.
Then, the following inequality holds:
(3) If i ≥ 1 and i+ j ≤ diam(Γ), then cmaxi ≤ bmaxj .
It is well-known that distance-regular graphs have interesting combinatorial prop-
erties. Moreover, distance-regular graphs have many applications such as coding
theory. On the other hand, the class of highly-regular graphs is very wide. For exam-
ple, vertex-transitive graphs with non-identity stabilizers are highly-regular graphs.
For such reasons, it seems that it is difficult to investigate interesting properties of
highly-regular graphs. As we described above, however, highly-regular graphs have
similar properties of distance-regular graphs. Therefore, we believe that it is an
interesting approach to study highly-regular graphs that highly-regular graphs are
considered as a generalization of distance-regular graphs.
2. Preliminaries
Let Γ be a graph of order n. We denote the complement of Γ by Γ. If Γ is a
distance-regular graph, the complement of Γ is not always a distance-regular graph.
However, if Γ is a strongly-regular graph and Γ is connected, Γ is also a strongly-
regular graph. This property is generalized to a highly-regular graph as follows.
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Proposition 2.1. (cf. [1, PROPOSITION 1]). A graph Γ is a highly-regular graph
if and only if the complement of Γ is a highly-regular graph.
For two graphs Γ1 and Γ2, the Cartesian product Γ1Γ2 of Γ1 and Γ2 is a graph
such that the vertex set of Γ1Γ2 is V (Γ1)×V (Γ2), and two vertices (u1, v1), (u2, v2)
are adjacent if and only if u1 = u2 and {v1, v2} ∈ E(Γ2), or v1 = v2 and {u1, u2} ∈
E(Γ1). In general, the Cartesian product of two distance-regular graphs is not
always a distance-regular graph. However, the Cartesian product of two highly-
regular graphs is a highly-regular graph.
Proposition 2.2. (cf. [1, PROPOSITION 6]). If Γ1 and Γ2 are highly-regular
graphs, the Cartesian product Γ1Γ2 is a highly-regular graph.
Properties of a partition of a vertex set corresponding to a CAM are important
in the class of highly-regular graphs. It is straight-forward to see that distance-
regular graphs are highly-regular graphs. Therefore, highly-regular graphs are a
combinatorial generalization of distance-regular graphs. The following expected
properties are satisfied.
Proposition 2.3. (cf. [1, PROPOSITION 3]). Let Γ be a connected highly-regular
graph with CAM C = [cij]1≤i,j≤m. For u, v ∈ V (Γ), let V1(u) = {u}, V2(u), . . . ,
Vm(u) and V1(v) = {v}, V2(v), . . . , Vm(v) be the corresponding partitions of V (Γ).
Then the following properties are satisfied.
(1) For each i ∈ {0, 1, . . . , diam(Γ)}, there exists a nonempty subset Si of I =
{1, 2, . . . ,m} such that Di(u) =
⊔
t∈Si Vt(u), Di(v) =
⊔
t∈Si Vt(v).
(2) For t ∈ {1, 2, . . . ,m}, |Vt(u)| = |Vt(v)|.
(3) For i ∈ {0, 1, . . . , diam(Γ)}, the induced subgraph of Di(u) and the induced
subgraph of Di(v) have the same degree sequence.
In Section 1, we introduced four classes of regular graphs, that is, strongly-regular
graphs, highly-regular graphs, distance-transitive graphs and distance-regular graphs.
Now, we introduce an invariant of highly-regular graphs (cf. [1]).
Let Γ be a highly-regular graph of order n. The index of Γ is the least positive
integer m such that a CAM has the size m (2 ≤ m < n), and we denote by
i(Γ). By Proposition 2.1, the index of a highly-regular graph is equal to that of
the complement of the graph. By Proposition 2.3, the index i(Γ) is greater than
diam(Γ) if the graph Γ is connected. Moreover, we get a lower bound of i(Γ).
Let Γ be a connected highly-regular graph. For any vertex u ∈ V (Γ) and for any
i ∈ {1, . . . , diam(Γ)}, we denote the induced subgraph of Di(u) by 〈Di(u)〉. Then,
we have the following proposition.
Proposition 2.4. (cf. [1, PROPOSITION 5]). If the cardinality of the degree set
of 〈Di(u)〉 (1 ≤ i ≤ diam(Γ)) is ki, then
i(Γ) ≥ 1 +
diam(Γ)∑
i=1
ki.
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By the above discussion, we have the following inequalities.
i(Γ) ≥ 1 +
diam(Γ)∑
i=1
ki ≥ 1 + diam(Γ).
Here, we note that we can easily find highly-regular graphs which do not attain the
above equalities.
3. A characterization of distance-regular graphs by using index
and diameter of highly-regular graphs
In Section 2, we introduced index of highly-regular graphs. By using the index, we
can characterize a strongly-regular graph, that is, a connected highly-regular graph
has the index 3 if and only if it is a strongly-regular graph (cf. [1]). In this section,
we characterize a distance-regular graph by using the index.
Theorem 3.1. A graph Γ is a connected highly-regular graph with the valency k and
CAM of the form (up to a labeling)
0 1 0 · · · 0 0
k a1 c2
...
...
0 b1
. . . . . . 0
...
... 0
. . . . . . cm−2 0
...
... am−2 cm−1
0 0 · · · 0 bm−2 am−1

if and only if it is a distance-regular graph with diam(Γ) = m− 1.
Proof. Let Γ be a connected highly-regular graph which satisfies the above condition.
For any v ∈ V (Γ), there exists a partition of V (Γ) with respect to the above CAM.
Let V0(v) = {v}, V1(v), . . . , Vm−1(v) be the partition of V (Γ). First, we have D0(v) =
{v} = V0(v). By the first column of the CAM, we have D1(v) = V1(v). Then, by the
second column of the CAM, we have D2(v) = V2(v). By repeating this argument,
we have Ddiam(Γ) = Vm−1(v). Hence, m = diam(Γ) + 1 and Γ is a distance-regular
graph.
Conversely, we suppose a graph Γ is a distance-regular graph with diam(Γ) =
m − 1. By the definition of a distance-regular graph and the index, we have 1 +
diam(Γ) ≥ i(Γ). By i(Γ) ≥ 1 + diam(Γ), we have i(Γ) = m. Therefore, we have the
desired result.

By Theorem 3.1, we conclude the following characterization of a distance-regular
graph by using the index.
Corollary 3.2. Let Γ be a connected highly-regular graph. Then, the graph Γ has
the index diam(Γ) + 1 if and only if it is a distance-regular graph.
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This is very useful to determine whether a highly-regular graph is a distance-
regular graph.
4. A construction of highly-regular graphs with diameter 2 which
are not distance-regular graphs
In Section 3, we characterize a distance-regular graph by the index of a highly-
regular graph. In this section, we construct highly-regular graphs with diameter 2
which are not distance-regular graphs.
Let Γ be a highly-regular graph with 2 ≤ diam(Γ) <∞.
First, we consider the case where Γ is a distance-regular graph. By Corollary 3.2,
the graph Γ has the index diam(Γ) + 1.
If diam(Γ) is equal to 2, the graph Γ and the complement Γ have the index 3. In
this case, if Γ is connected, both Γ and Γ are strongly-regular graphs.
If diam(Γ) is greater than 2, diam(Γ) is equal to 2. Here, we note that for
a connected regular graph with the diameter greater than 2, the diameter of the
complement is 2. Hence, we have the following inequality.
i(Γ) = 1 + diam(Γ) > 1 + diam(Γ).
By Proposition 2.1, the index of Γ is equal to the index of Γ. Therefore, we have
the following inequality.
i(Γ) > 1 + diam(Γ).
By Corollary 3.2, the graph Γ is a highly-regular graph which is not a distance-
regular graph with diam(Γ) = 2.
Next, we consider the case where the graph Γ is not a distance-regular graph. If
diam(Γ) is equal to 2, the index of Γ is greater than 3. If diam(Γ) is greater than
2, the index of Γ is greater than 3. Therefore, the graph Γ is a highly-regular graph
which is not a distance-regular graph with diam(Γ) = 2.
By the above discussion, we conclude the following theorem.
Theorem 4.1. For a highly-regular graph Γ with 3 ≤ diam(Γ) <∞, the complement
of the graph is a highly-regular graph with diam(Γ) = 2 which is not a distance-
regular graph.
By taking the complement of a distance-regular graph with the diameter greater
than 2, we obtain a highly-regular graph with the diameter 2 which is not a distance-
regular graph.
5. Another construction of highly regular graphs by using a
symmetric association schemes
In Section 4, we gave a construction of highly-regular graphs which are not
distance-regular graphs. However, this construction can generate only highly-regular
graphs with diameter 2 which are not distance-regular graphs. In this section, we
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give another construction of highly-regular graphs by using a symmetric association
scheme.
Let X be a finite set and Ri (i = 0, . . . , d) be nonempty subsets of X × X. A
symmetric association scheme of class d is a pair X = (X, {Ri}di=0) satisfying the
following conditions:
(SAS-1) R0 = {(x, x) | x ∈ X}.
(SAS-2) X ×X = ⊔di=0Ri.
(SAS-3) tRi = Ri for any i ∈ {0, . . . , d}, where tRi = {(y, x) | (x, y) ∈ Ri}.
(SAS-4) for any i, j, l ∈ {1, . . . , d}, there exists constants pli,j such that for all x, y ∈ X
with (x, y) ∈ Rl, pli,j = |{z ∈ X | (x, z) ∈ Ri and (z, y) ∈ Rj}|.
The above constants pli,j are called the intersection numbers. For each i ∈ {0, . . . , d},
we denote the matrix [pli,j]0≤j,l≤d by Bi. The matrix Bi is called the i-th intersection
matrix of X. For any x ∈ X and Ri, we denote a set of elements y ∈ X with
(x, y) ∈ Ri by xRi.
Let X = (X, {Ri}di=0) be a symmetric association scheme of class d. Then, we
have the following theorem.
Theorem 5.1. For each l ∈ {0, . . . , d}, the graph ΓRl = (X,ERl) is a highly-regular
graph with CAM Bl, where ERl = {{x, y} | (x, y) ∈ Rl}.
Proof. We take arbitrary x ∈ X. By (SAS-2), we get the decomposition of X as
follows:
X =
d⊔
i=0
xRi.
We take any two partitions xRi, xRj of the above decomposition. By (SAS-4), for
any y ∈ xRj, the number of vertices z ∈ xRi such that {y, z} ∈ ERl is equal to pji,l.
The integer pji,l is independent of choice of an element (x, y) ∈ Rj. In particular,
the integer pji,l is independent of choice of y ∈ xRj. Therefore, the graph ΓRl is a
highly-regular graph with CAM Bl. 
Moreover, let G be a finite group and G acts on X transitively. Let S =
{∆0, . . . ,∆d} be the set of G-orbits of X × X. We suppose that each G-orbit
of X × X is symmetric. Then, X = (X,S) is a symmetric association scheme of
class d. This symmetric association scheme is closely related to harmonic analysis
of finite homogeneous spaces (cf. [4], [11]). By Theorem 5.1, we have the following
corollary.
Corollary 5.2. For each l ∈ {0, . . . , d}, the graph X∆l is a highly-regular graph
with CAM Bl.
By Theorem 5.1 and Corollary 5.2, we get many examples of highly-regular graphs
which are not always distance-regular graphs. For example, Euclidean graphs and
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finite upper half plane graphs are highly-regular graphs (cf. [15]). Generalized Eu-
clidean graphs are highly-regular graphs (cf. [5], [13]). Moreover, the other graphs
which appear in [13] are also.
In the rest of this section, we construct graphs which are a special case of graphs
defined by W. Li in [14]. Let p be an odd prime, r be an even number and Fpr /Fp
be a finite field extension of degree r. Let Nr be the kernel of the norm map of the
extension Fpr /Fp. Nr acts Fpr by multiplication. Then, we consider the semidirect
product group Nr nFpr . The semidirect product group Nr nFpr acts Fpr naturally.
Fix 0 ∈ Fpr . The stabilizer of 0 is Nrn {0} ' Nr. Then, we have the NrnFpr -orbit
decomposition of Fpr ×Fpr as follows:
Fpr ×Fpr =
⊔
i∈Fp
∆i, (1)
where for each i ∈ F×p , ∆i = {(x, y) ∈ Fpr ×Fpr | NFpr /Fp(y − x) = i} and ∆0 =
{(x, x) ∈ Fpr ×Fpr}. Since p is an odd and r is an even, each Nr n Fpr -orbit
is symmetric. Therefore, the pair (Nr n Fpr , Nr n {0}) is a (symmetric) Gelfand
pair. By Corollary 5.2, for each l ∈ {0, . . . , p− 1}, the graph X∆l is a highly-regular
graph. We denote X∆l by WL(p, r, l) in this paper. Here, we note that we can easily
compute the NrnFpr -irreducible decomposition of the `2-space `2(Fpr) by using (1).
Therefore, we get Kloosterman sums as the spherical functions and several formulas
corresponding to formulas of spherical functions such as convolution property and
addition theorem. Moreover, we get a formula of Kloosterman sums by using the
fact that they are simultaneous eigenfunctions of the intersection matrices.
Remark 5.3. We can apply the above ways to give several formulas of character sums
arising as spherical functions including Gauss periods and Kloosterman sums (cf. [5],
[13]). Moreover, we note that both eigenvalues and eigenvectors of Bl are expressed
by the same spherical functions. This is an interesting property of highly-regular
graphs constructed by using Corollary 5.2.
6. Basic properties of the elements of a CAM
In Section 3, we showed that a connected highly-regular graph has the index
diam(Γ) + 1 if and only if it is a distance-regular graph. Naturally, hence, we can
regard the elements of a CAM as generalized constants of the intersection numbers
of distance-regular graphs.
Let Γ be a highly-regular graph which satisfies the condition in Theorem 3.1. The
following are well-known basic properties of the intersection numbers of a distance-
regular graph:
• k = b0 ≥ b1 ≥ · · · ≥ bm−2 ≥ 1.
• 1 = c1 ≤ c2 ≤ · · · ≤ cm−1 ≤ k.
In this section, we give a generalization of the above basic properties of intersection
numbers of a distance-regular graph.
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Let Γ be a connected highly-regular graph with CAM C = [ci,j]1≤i,j≤m and the
valency k. Here, let a labeling of C be a labeling with respect to a distance. By
Proposition 2.3, for each i ∈ {0, 1, . . . , diam(Γ)}, there exists a nonempty subset
Si of I = {1, . . . ,m} such that for any u ∈ V , Di(u) =
⊔
t∈Si Vt(u). For each
i ∈ {1, . . . , diam(Γ)}, let the integers bmaxi−1 , cmaxi , and cmini be the following:
• bmaxi−1 = max{
∑
t∈Si ct,l | l ∈ Si−1}.• cmaxi = max{
∑
t∈Si−1 ct,l | l ∈ Si}.
• cmini = min{
∑
t∈Si−1 ct,l | l ∈ Si}.
Then, we get the following proposition.
Proposition 6.1. We have the following inequalities:
(1) k = bmax0 ≥ bmax1 ≥ · · · ≥ bmaxdiam(Γ)−1 ≥ 1.
(2) 1 = cmin1 ≤ cmin2 ≤ · · · ≤ cmindiam(Γ) ≤ k.
Proof. (1) For i = 1, it is clear that bmax0 is equal to k. For i ≥ 1, we take arbitrary
y ∈ V (Γ) and l ∈ Si. Then, there exist elements z ∈ D1(y) and s ∈ Si−1 such
that Vl(y) ∩ Vs(z) 6= ∅. We take arbitrary x ∈ Vl(y) ∩ Vs(z). First, we show that
D1(x) ∩ Di+1(y) ⊂ D1(x) ∩ Di(z). We take w ∈ D1(x) ∩ Di+1(y). The distance
d(z, w) is less than or equal to d(z, x)+d(x,w) = i. On the other hand, the distance
d(z, w) is greater than or equal to i since the distance d(z, w)+d(z, y) is greater than
or equal to the distance d(w, y) = i + 1. Hence, the element w is in D1(x) ∩Di(z).
Then, we have D1(x) ∩Di+1(y) ⊂ D1(x) ∩Di(z). By using this, we have∑
t∈Si+1
ct,l ≤
∑
t∈Si
ct,s.
Then, for any l ∈ Si, we have ∑
t∈Si+1
ct,l ≤ bmaxi−1 .
Therefore, we have bmaxi ≤ bmaxi−1 .
(2) For i = 1, it is clear that cmin1 is equal to 1. For i ≥ 1, we take arbitrary
z ∈ V (Γ) and s ∈ Si+1. Then, there exist y ∈ D1(z) and l ∈ Si such that Vs(z) ∩
Vl(y) 6= ∅. We take arbitrary x ∈ Vl(y)∩Vs(z). First, we show that D1(x)∩Di−1(y) ⊂
D1(x) ∩Di(z). We take w ∈ D1(x) ∩Di−1(y). The distance d(w, z) is less than or
equal to i since d(w, z) is less than or equal to d(y, z) + d(y, w). On the other hand,
the distance d(w, z) is greater than or equal to i since d(w, z) + d(w, x) is greater
than or equal to d(z, x). Hence, the element w is in D1(x) ∩ Di(z) and we have
D1(x) ∩Di−1(y) ⊂ D1(x) ∩Di(z). By using this, we have∑
t∈Si−1
ct,l ≤
∑
t∈Si
ct,s.
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Then, for any k ∈ Si+1, we have
cmini ≤
∑
t∈Si
ct,s.
Therefore, we have cmini ≤ cmini+1. 
Remark 6.2. It is clear that the following property holds:
m∑
j=0
ci,j = k.
Remark 6.3. We note that the following statement may not always hold in general:
(?) For any u ∈ V (Γ), i ∈ {0, 1, . . . , diam(Γ)−1}, x ∈ Di(u), the set D1(x)∩Di+1(u)
is nonempty set. In fact, there is a counter-example of this statement such as
the graph WL(7, 2, 1) which we defined in Section 5 (cf. Figure 1). The graph
WL(7, 2, 1) has the diameter 3 and for each vertex u, there exists a vertex x which
is at distance 2 from the vertex u such that D1(x) ∩D3(u) = ∅.
Figure 1. WL(7, 2, 1)
The above phenomenon is a difference between highly-regular graphs and distance-
regular graphs. For a highly-regular graph which satisfies the above statement (?),
the integers bmaxi−1 and c
max
i are satisfied the following property.
Proposition 6.4. We have the following inequality: If i ≥ 1 and i + j ≤ diam(Γ),
then cmaxi ≤ bmaxj .
Proof. We take arbitrary y ∈ V (Γ), l ∈ Si and x ∈ Vl(y). By the assumption (?),
there exists the shortest path from x to some element z ∈ Di+j(y). Then, there exists
s ∈ Sj such that x ∈ Vs(z). First, we show that D1(x)∩Di−1(y) ⊂ D1(x)∩Dj+1(z).
We take w ∈ D1(x) ∩ Di−1(y). The distance d(w, z) is less than or equal to 1 + j
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since d(w, x) + d(x, z) is greater than or equal to d(w, z). On the other hand, the
distance d(w, z) is greater than or equal to 1 + j since d(w, z) + d(w, y) is greater
than or equal to d(z, y). Hence, the element w is in D1(x)∩Dj+1(z). Then, we have
D1(x) ∩Di−1(y) ⊂ D1(x) ∩Dj+1(z). By using this, we have∑
t∈Si−1
ct,l ≤
∑
t∈Sj+1
ct,s.
Then, for any l ∈ Si, we have ∑
t∈Si−1
ct,l ≤ bmaxj .
Therefore, we have cmaxi ≤ bmaxj . 
By Propositions 6.1, 6.4, we conclude the following theorem.
Theorem 6.5. For a connected highly-regular graph, we have the following inequal-
ities:
(1) k = bmax0 ≥ bmax1 ≥ · · · ≥ bmaxm−1 ≥ 1.
(2) 1 = cmin1 ≤ cmin2 ≤ · · · ≤ cminm ≤ k.
Moreover, we suppose that Γ satisfies the following property: (?) For any u ∈ V (Γ),
i ∈ {0, 1, . . . , diam(Γ) − 1}, x ∈ Di(u), the set D1(x) ∩ Di+1(u) is nonempty set.
Then, the following inequality holds:
(3) If i ≥ 1 and i+ j ≤ diam(Γ), then cmaxi ≤ bmaxj .
We give an example of Theorem 6.5. Let C be the following matrix:
C =

0 1 0 0 0 0
4 0 2 1 0 0
0 2 0 0 1 0
0 1 0 1 1 0
0 0 2 2 1 2
0 0 0 0 1 2
 .
We consider the graph C5C5 (cf. Figure 2). Here, C5 is the cycle graph of order 5.
Let the labeling of vertices be the same as in Figure 2. It is easy to check that this
graph is a highly-regular graph with CAM C which satisfies the condition (?). For
the vertex 25 ∈ V (C5C5), we can take the partition of V (C5C5) with respect to
25 ∈ V (C5C5) as follows:
V0(25) = {25},
V1(25) = {5, 20, 21, 24},
V21(25) = {1, 4, 16, 19}, V22(25) = {10, 15, 22, 23},
V3(25) = {2, 3, 6, 9, 11, 14, 17, 18},
V4(25) = {7, 8, 12, 13}.
The entries of the matrix C satisfy the inequalities in Theorem 6.5.
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Figure 2. C5C5
Appendix A. Infinite families of connected highly-regular graphs
with fixed valency which are not distance-regular
graphs
In this section, we give infinite families of connected highly-regular graphs with
fixed valency which are not distance-regular graphs explicitly. More precisely, we
discuss the following question:
Question 1. Are there only finitely many connected highly-regular graphs of fixed
valency greater than 2 which are not distance-regular graphs?
First, we construct highly-regular graphs of the valency 3 and 4 which are not
distance-regular graphs explicitly.
Let n, m be positive integers greater than 1. We denote the graph CnCm by
Tn,m, where Cn and Cm are cycle graphs of order n and m respectively. Here, we
note that C2 is in Figure 3. Also, we note that the graph Tn,m is vertex-transitive.
Without loss of generality, We may assume n ≤ m.
Figure 3. C2
By Proposition 2.2, the graph Tn,m is a connected highly-regular graph since a
cycle graph is a distance-regular graph. Then, we have the following theorem.
Proposition A.1. The graph Tn,m is a connected highly-regular graph which is not
a distance-regular graph except for the cases (n,m) = (2, 2), (2, 4), (3, 3), (4, 4).
Proof. In the case n = 2, T2,m has the valency 3. If m = 2, T2,2 is the cycle graph
of order 4. Hence, T2,2 is a distance-regular graph. If m = 3, we take v ∈ V (T2,3).
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Then, the cardinality of the degree set of 〈D1(v)〉 is 2. By Proposition 2.4, i(T2,3) is
greater than 1 + diam(T2,3). By Corollary 3.2, T2,3 is not a distance-regular graph.
If m = 4, T2,4 is the Hamming graph of order 8 (cube). Hence, T2,4 is a distance-
regular graph. In the case m > 4, we take arbitrary v ∈ V (T2,m). If D1(v) is divided
, the graph T2,m is not a distance-regular graph. If D1(v) is not divided, at least
D2(v) is divided into the following as a partition in a highly-regular graph:
D2(v) = {w ∈ D2(v) | |D1(w) ∩D1(v)| = 2} unionsq {w ∈ D2(v) | |D1(w) ∩D1(v)| = 1}.
By Corollary 3.2, the graph T2,m is not a distance-regular graph.
In the case n = 3, T3,m has the valency 4. If m = 3, T3,3 is the graph as in Figure
4, and T3,3 is a distance-regular graph. If m is greater than 3, we take arbitrary
v ∈ V (T3,m). Then, at least D1(v) is divided into the following as a partition of a
vertex set in a highly-regular graph:
D1(v) = {w ∈ D1(v) | |D1(w) ∩D1(v)| = 1} unionsq {w ∈ D1(v) | |D1(w) ∩D1(v)| = 0}.
By Corollary 3.2, the graph T3,m is not a distance-regular graph.
In the case n = 4, T4,m has the valency 4. If m = 4, T4,4 is the Hamming graph
of order 16. Hence, T4,4 is a distance-regular graph. If m is greater than 4, we take
arbitrary v ∈ V (T4,m). If D1(v) is divided, the graph T4,m is not a distance-regular
graph. If D1(v) is not divided, at least D2(v) is divided into the following as a
partition in a highly-regular graph:
D2(v) = {w ∈ D2(v) | |D1(v) ∩D1(w)| = 1} unionsq {w ∈ D2(v) | |D1(v) ∩D1(w)| = 2}.
By Corollary 3.2, the graph T4,m is not a distance-regular graph.
In the case n > 4, we take arbitrary v ∈ V (Tn,m). If D1(v) is divided, the graph
Tn,m is not a distance-regular graph. If D1(v) is not divided, at least D2(v) is divided
into the following as a partition in a highly-regular graph:
D2(v) = {w ∈ D2(v) | |D1(v) ∩D1(w)| = 1} unionsq {w ∈ D2(v) | |D1(v) ∩D1(w)| = 2}.
By Corollary 3.2, the graph Tn,m is not a distance-regular graph. 
Remark A.2. As we mentioned above, T2,m (m > 2) has the valency 3, and Tn,m
(n ≥ 3) has the valency 4.
Remark A.3. The graph Tn,m has the diameter [
n
2
] + [m
2
]. Here, the symbol [x]
denotes the largest integer less than x. Therefore, Tn,m has the diameter 2 if and
only if (n,m) = (2, 2), (2, 3), (3, 3). Then, we can easily observe the following:
• T2,2 is not connected.
• T2,3 is the cycle graph of order 6.
• T3,3 ' T3,3 is a distance-regular graph (cf. Figure 4).
Next, we construct some infinite families of connected highly-regular graphs of
fixed valency greater than 4 which are not distance-regular graphs.
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Figure 4. T3,3 ' T3,3
Proposition A.4. Let Γ1 be a connected highly-regular graph which is not a distance-
regular graph and Γ2 be a connected highly-regular graph. Then, the Cartesian prod-
uct Γ1Γ2 is a connected highly-regular graph which is not a distance-regular graph.
Proof. First, we note that diam(Γ1Γ2) = diam(Γ1) + diam(Γ2). By Proposition
2.2, the Cartesian product Γ1Γ2 is a highly-regular graph. We take arbitrary
v = (v1, v2) ∈ V (Γ1)× V (Γ2). For each j ∈ {0, 1, . . . , diam(Γ1) + diam(Γ2)},
Dj,Γ1Γ2(v)
=
⊔
k,l
{(v, w) ∈ V (Γ1)× V (Γ2) | v ∈ Dk,Γ1(v1) and w ∈ Dl,Γ2(v2)},
where k and l run through 0 ≤ k ≤ diam(Γ1), 0 ≤ l ≤ diam(Γ2) such that k+ l = j.
Since Γ1 is not a distance-regular graph, there exist i ∈ {0, . . . , diam(Γ1)}, j ∈
{i− 1, i, i+ 1}, u1, u2 ∈ Di,Γ1(v1) such that
|D1,Γ1(u1) ∩Dj,Γ1(v1)| 6= |D1,Γ1(u2) ∩Dj,Γ1(v1)|. (2)
We consider the vertices (u1, v2), (u2, v2) ∈ Di,Γ1Γ2(v). Then, Dj,Γ1(v1) ∩D1,Γ1(u1)
and Dj,Γ1(v1) ∩D1,Γ1(u2) are divided into the following:
D1,Γ1Γ2((u1, v2)) ∩Dj,Γ1Γ2(v)
= {(u1, w) ∈ V (Γ1)× V (Γ2) | {w, v2} ∈ E(Γ2) and d(w, v2) = j − i}
unionsq {(v, v2) ∈ V (Γ1)× V (Γ2) | v ∈ D1,Γ1(u1) ∩Dj,Γ1(v1)},
D1,Γ1Γ2((u2, v2)) ∩Dj,Γ1Γ2(v)
= {(u2, w) ∈ V (Γ1)× V (Γ2) | {w, v2} ∈ E(Γ2) and d(w, v2) = j − i}
unionsq {(v, v2) ∈ V (Γ1)× V (Γ2) | v ∈ D1,Γ1(u2) ∩Dj,Γ1(v1)}.
By (2), we have
|D1,Γ1Γ2((u1, v2)) ∩Dj,Γ1Γ2(v)| 6= |D1,Γ1Γ2((u2, v2)) ∩Dj,Γ1Γ2(v)|.
Therefore, Γ1Γ2 is not a distance-regular graph. 
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Let P1 be the infinite family of connected highly-regular graphs of fixed valency
3 and P2 be the infinite family of connected highly-regular graphs of fixed valency
4 which we construct explicitly in Proposition A.1.
Let k be an integer greater than 4. Then, there exist r1, r2, r3 ∈ Z≥0 with (r2, r3) 6=
(0, 0) such that k = r1 · 1 + r2 · 3 + r3 · 4. Let P(r2) and P(r3) be the following:
• P(r2) = {r2j=1Γ1,j | Γ1,j ∈ P1, 1 ≤ j ≤ r2}.
• P(r3) = {r3l=1Γ2,l | Γ2,l ∈ P2, 1 ≤ l ≤ r3}.
Moreover, let P(r1, r2, r3) be the following:
P(r1, r2, r3) = {(Cr22 )Γ1Γ2 | Γ1 ∈ P(r2),Γ2 ∈ P(r3)}.
By Proposition A.4, we have the following proposition.
Proposition A.5. The families P(r1, r2, r3) with r1 ·1 + r2 ·3 + r3 ·4 = k, (r2, r3) 6=
(0, 0) are infinite families of connected highly-regular graphs of fixed valency k which
are not distance-regular graphs.
By Proposition A.1, A.5, we conclude the following theorem.
Theorem A.6. There are infinitely many connected highly-regular graphs of fixed
valency greater than 2 which are not distance-regular graphs.
Appendix B. Local spectral properties of highly-regular graphs
In this section, we give the following local spectral properties of highly-regular
graphs. For vertices u, v ∈ V and an eigenvalue λl, uv-crossed multiplicity muv(λl)
is uv-entry of El. Let Γ be a connected highly-regular graph with CAM C =
[ci,j]1≤i,j≤m. Here, let a labeling of C with respect to a distance. For each i ∈
{0, 1, . . . , diam(Γ)}, there exists a nonempty subset Si of I = {1, . . . ,m} such that
Di(u) =
⊔
t∈Si Vt(u), u ∈ V . Then, we have the following theorem.
Theorem B.1. A connected highly-regular graph Γ is a spectrally-regular graph.
Moreover, for each u ∈ V and for two vertices v, w ∈ Vs(u0), s ∈ Sj, we have
muv(λl) = muw(λl), for any λl.
Proof. We fix a vertex u ∈ V . We define the matrix P u ∈ Mmn(R) whose entries
are given by
(P u)t,w =
{
1 if w ∈ Vt(u),
0 otherwise.
It is easy to check that this matrix intertwines the adjacency matrix A and collapsed
adjacency matrix C, that is, P uA = CP u. For each eigenvalue λl, there exists
unique polynomial such that El = Zl(A) by using Lagrange interpolation. This
implies that for each l = 0, . . . , d, we have P uZl(A) = Zl(C)P
u. For u ∈ V , t ∈ Si,
s ∈ Sj, w ∈ Vs(u), we have ∑
z∈Vt(u)
Zl(A)z,w = Zl(C)t,s. (3)
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Putting s = t = 1 ∈ S0, w ∈ V1(u), we have
mu(λl) = Zl(A)u,u = Zl(C)1,1.
Therefore, Γ is a spectrally-regular graph. Moreover, putting t = 1 in (3), we have
Zl(A)u,w = Zl(C)1,s.
This implies that for v, w ∈ Vs(u), mu,v(λl) = Zl(C)1,s = mu,w(λl). 
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